Abstract. We study two natural notions of holomorphic forms on a reduced pure n-dimensional complex space X: sections of the sheaves Ω 
Introduction
In contrast to the situation on a complex manifold, on a (singular) complex space there are several different notions, serving different purposes, of holomorphic differential forms. For instance, the Grothendieck dualizing sheaf, see below, is the adequate notion of canonical sheaf when generalizing Serre duality to Cohen-Macaulay spaces. On the other hand, if one wants Kodaira-type vanishing results, then the GrauertRiemenschneider canonical sheaf, see below, should be used. In general these sheaves of holomorphic differential forms are not equal.
From an analytic point of view there are (at least) three natural, in general different, notions of holomorphic differential forms on a reduced pure-dimensional complex space X. We will use the following terminology: The strongly holomorphic forms, considered, e.g., in [28] , is a generalization of the strongly holomorphic functions (i.e., sections of the structure sheaf); the weakly holomorphic forms, studied for instance by Griffiths in [26] , is a generalization of the weakly holomorphic functions and are those holomorphic forms on X reg that extend to X, where X → X is a resolution of singularities; the Barlet-Henkin-Passare holomorphic forms are the sections of the sheaves ω • X introduced by Barlet, [13] . These sheaves are defined in a somewhat algebraic way, but it follows from the results in [13] that the sections of ω • X also can be described analytically as the meromorphic forms on X that are∂-closed considered as principal value currents; in this paper we will use this analytic description as definition. Henkin and Passare emphasized and explored this analytic point of view in [28] and this is the reason for our choice of terminology.
It is clear that a strongly holomorphic form is weakly holomorphic and that a weakly holomorphic form is Barlet-Henkin-Passare holomorphic, but in general neither implication can be reversed, see, e.g., [28, Example 1] . The Grauert-Riemenschneider canonical sheaf mentioned above is the sheaf of germs of weakly holomorphic forms of top degree and the Grothendieck dualizing sheaf is the analogous sheaf of BarletHenkin-Passare holomorphic forms.
In this paper we will be concerned with strongly and Barlet-Henkin-Passare holomorphic forms and relations between these two notions. We mention however also the reflexive differential forms 1 , defined as the reflexive hull of exterior powers of the Kähler differentials, studied, e.g., in [24] and [25] in the setting of the minimal model program, since on a normal complex space the reflexive differential forms and the Barlet-Henkin-Passare holomorphic forms are the same; this follows from [13] , cf. Section 4 below. On a quasi-projective variety with at worst log terminal singularities the reflexive differential forms are also the same as the weakly holomorphic forms; this is (implied by) the main result in [25] .
Let X be a reduced complex space of pure dimension n. Each point in X has a neighborhood U that can be identified with an analytic subset of some domain D in some C N ; U ֒→ D. By pulling back the holomorphic p-forms in D to U reg one obtains a notion of holomorphic p-forms on U . This construction gives us the sheaf Ω p X , which turns out to be an intrinsic coherent O X -module; notice in particular that Ω 0 X = O X . The sections of Ω p X are the strongly holomorphic p-forms.
2
By the same construction one defines the sheaf E p,q X of smooth (p, q)-forms on X. We are interested in finding a Dolbeault-type resolution of Ω p X by a complex of fine sheaves, i.e., sheaves which are modules over E 0,0 X . However, as opposed to the case when X is smooth, (E p,• X ,∂) is not a resolution of Ω p X in general, see, e.g., [8, Example 1.1] . In order to get a tractable resolution of Ω p X one is thus led to consider sheaves of certain currents on X. The (p, q)-currents on X is the topological dual of the space of smooth compactly supported (n − p, n − q)-forms on X. More concretely, if i : X ֒→ D ⊂ C N is an embedding and µ is a (p, q)-current on X, then ν := i * µ is a (p + κ, q + κ)-current in D, where κ := N − n is the codimension of X, and ν.ξ = 0 for any test form ξ in D whose pullback to X reg vanishes. Conversely, if ν is such a current in D then there is a current µ on X such that ν = i * µ. A current µ on X is said to have the standard extension property (SEP) with respect to a subvariety Z ⊂ X if χ(|h| 2 /ǫ)µ ↾ U → µ ↾ U as ǫ → 0 for all open U ⊂ X, where h is any holomorphic tuple on U that does not vanish identically on any irreducible component of Z ∩ U and χ is any smooth regularization of the characteristic function of [1, ∞) ⊂ R; throughout the paper, χ will denote such a function. If Z = X we simply say that µ has the SEP (on X). In particular, two currents with the SEP on X are equal if and only if they are equal on X reg . For a pivotal example of a current with the SEP on X, let ϕ be a meromorphic p-form on X (possibly with values in a holomorphic line bundle L → X). Then, by [30] , ϕ defines in a canonical and robust way a principal value current on X (that takes values in L if ϕ does); we will usually identify a meromorphic form with its corresponding principal value current. We can now formulate our first result which is a generalization of the main result in [8] to p ≥ 1.
1 These are sometimes also called Zariski differentials. 2 Our notation is somewhat unconventional; often Ω p X is used to denote the Kähler-Grothendieck differential p-forms, see Section 3. Theorem 1.1. Let X be a reduced complex space of pure dimension n. For each p = 0, . . . , n there are sheaves A p,q X , q = 0, . . . , n, of (p, q)-currents on X with the SEP such that (i) E Let X be a reduced complex space of pure dimension, let F → X be a holomorphic vector bundle, and let F be the associated locally free O X -module. Then
As in [8] , the construction of the A X -sheaves relies on semi-global explicit integral operators K that are also used to solve the∂-equations in Theorem 1.1 (iii). We have the following generalization of [8, Theorem 1.4] . Theorem 1.3. Let X be a pure n-dimensional analytic subset of a pseudoconvex domain D ⊂ C N , let D ′ ⋐ D and set X ′ := X ∩ D ′ . There are integral operators K : A p,q (X) → A p,q−1 (X ′ ) and P : A p,0 (X) → Ω p (X ′ ) such that
This type of homotopy formulas for a Dolbeault complex are called Koppelman formulas.
The construction of P shows that Pϕ has a holomorphic extension to D ′ . The integral operators K and P are given by kernels k(ζ, z) and p(ζ, z) which are currents on X × X ′ that are respectively integrable and smooth on X reg × X ′ reg and that have principal value-type singularities at the singular locus of X × X ′ . In particular, one can compute K ϕ and Pϕ as
where χ ǫ := χ(|h| 2 /ǫ), h = h(ζ) is a holomorphic tuple cutting out X sing , and where the limit is understood in the sense of currents. Since a current locally has finite order we get the following result. Corollary 1.4. Let ϕ be a smooth∂-closed (p, q)-form on X reg such that there is a C ℓ -smooth form in D whose pullback to X reg equals ϕ. There is an M D ′ ≥ 0, independent of ϕ, such that the following holds.
(
(ii) If q ≥ 1 and ℓ ≥ M D ′ then there is a smooth (p, q − 1)-form u on X ′ reg such that∂u = ϕ on X ′ reg . Part (i) for p = 0 and M D ′ = ∞ is a classical result by Malgrange [33, Théorème 4] answering a question by Grauert; for M D ′ < ∞ it is due to Spallek [45] . Part (ii) for p = 0 and X a reduced complete intersection was first proved by Henkin and Polyakov [29] . For p = 0, Corollary 1.4 is also proved in [7] . We remark that Corollary 1.4 is explicit in the sense that Pϕ (resp. K ϕ) provides an explicit holomorphic extension of ϕ to D ′ (resp. explicit solution to∂u = ϕ on X ′ reg ). If p + q > n then the equation∂u = ϕ has a smooth solution on X reg under much weaker assumptions on ϕ. For instance, smooth solutions on X reg always exist if ϕ is a smooth and bounded∂-closed (p, q)-form, p + q > n, on X reg . If X has an isolated singularity then it is enough to assume that ϕ is a square-integrable smooth∂-closed (p, q)-form, p + q > n, on X reg . For these and other results on the∂-equation on X reg see, e.g., [14] , [21] , [31] , [34] , [35] , [36] , [37] , [40] .
The integral operators K and P can be applied to more general forms than sections of A p,q X , for instance they can be applied to any semi-meromorphic form, but one has to be a bit careful with the Koppelman formulas. This is reflected in Theorem 5.4 below where we give a residue criterion for a meromorphic p-form ϕ to be strongly holomorphic. Moreover, if the criterion is fulfilled then Pϕ is a concrete holomorphic extension of ϕ to D ′ . For p = 0 this criterion is due to Tsikh [46] in case X is a complete intersection and to Andersson [5] in general; for p > 0 and X a complete intersection it is due to Henkin and Passare [28] . This residue criterion yields a geometric criterion, Proposition 5.5, which in turn leads to Proposition 1.5 below. This is a geometric characterization of complex spaces with the property that any holomorphic p-form defined on the regular part extends to a strongly holomorphic p-form. To formulate it, we need to recall the singularity subvarieties
does not have optimal rank, cf. Section 2.3. Proposition 1.5. Let X be a reduced complex space of pure dimension n. Then the following conditions are equivalent.
(i) codim X X sing ≥ 2 and codim
This result is a variation on [44, Theorem 1.14], see also [43] , that is explicit in the sense mentioned above. The condition (i) can be seen as a generalization to p ≥ 1 of Serre's conditions R1 and S2 for normality. In fact, codim X X sing ≥ 2 is R1 and it is known that codim X S n−k (O X ) ≥ k + 2, k ≥ 1, is equivalent to S2. We mention also that if condition (i), or equivalently (ii), is satisfied for p = n and one a priori knows that X is locally a complete intersection, then it follows that X is smooth, see Section 6.1.
We now turn our attention to Barlet-Henkin-Passare holomorphic forms. These provide an ideal framework for questions about various traces, i.e., direct images under finite holomorphic maps. This is shown in [13, Section 2] as well as in [28, Section 4 ] about variants of the Abel and inverse Abel theorems. Related to this is the fact that if codim X X sing ≥ 2, then any holomorphic p-form on X reg extends (necessarily uniquely) to a section of ω p X over X, see [13, p. 195] ; cf. also Section 4 below. Moreover, if X is normal and p ≤ codim X X sing − 2, then Flenner's result [20] shows that any holomorphic p-form on X reg in fact extends to a weakly holomorphic form on X. It is also worth noticing that ω p X always is torsion free, see [13] . Theorem 1.6. Let X be a reduced complex space of pure dimension n. For each p = 0, . . . , n there are sheaves B p,q X , q = 0, . . . , n, of (p, q)-currents on X with the SEP such that
The case p = n is proved in [41] . However, the notation is not consistent, in [41] the notation A n,q X is used in place of B n,q X . The proof of Theorem 1.6 will show that if i :
in this paper we will use the convention that a sheaf without a subscript is a sheaf over a suitable domain in some C N . As in [41] the B X -sheaves are defined using integral operatorsǨ which also fit into Koppelman-type formulas.
Notice that if ψ ∈ ω p (X) then, on X ′ , ψ =Pψ is a representation formula for Barlet-Henkin-Passare holomorphic p-forms.
Let now temporarily X be a compact complex manifold and F → X a holomorphic vector bundle; Serre duality says that the pairing
is non-degenerate. Actually, since X is assumed to be smooth, Ω p X is locally free (a vector bundle) and therefore it is sufficient to have (1.1) non-degenerate for p = 0. Via the Dolbeault isomorphism,
, we can reformulate Serre duality, for p = 0, algebraically as: The pairing H q (X, F ) × H n−q (X, F * ⊗ Ω n X ) → C given by the cup product is non-degenerate. In this formulation Serre duality has been generalizad to complex spaces. For instance, if X is compact and Cohen-Macaulay, then the same statement is true if we replace Ω n X by the Grothendieck dualizing sheaf, i.e., by ω p X . If X is an arbitrary compact complex space and F is any coherent sheaf on X then, by the result of Ramis and Ruget, [39] , there is a non-degenerate pairing
X is the dualizing complex in the sense of [39] . In [41] , Ruppenthal, Wulcan, and the author gave a concrete analytic realization of Serre duality on reduced spaces in terms of Dolbeault cohomology completely analogous to the smooth case. We showed that one in a natural way can make sense of the current product ϕ ∧ ψ for ϕ and ψ sections of A 0,• X and B n,• X , respectively, and moreover, if X is compact, then there is a non-degenerate pairing (1.1) with p = 0 if we replace E 0,• (X, F ) by A 0,• (X, F ) and E n,• (X, F * ) by B n,• (X, F * ). Since, in general, Ω p X is not locally free in the singular setting it is not immediate how to generalize this to p > 0. We have the following result: Theorem 1.8. Let X be a compact reduced complex space of pure dimension n, let F → X be a holomorphic vector bundle, and let F be the associated locally free sheaf. Then the pairing
is non-degenerate.
Notice that Theorem 1.8 connects the strongly holomorphic p-forms with the Barlet-Henkin-Passare holomorphic n − p-forms. In particular, if Ω p X is CohenMacaulay, then we have a non-degenerate pairing
With a slight modification of the statement, Serre duality continues to hold on paracompact spaces provided certain separability conditions are fulfilled, see, e.g., [39] , and in fact, instead of proving Theorem 1.8, we will prove the following slightly more general result:
If X is a reduced paracompact complex space of pure dimension n and we replace B n−p,• (X, F * ) in Theorem 1.8 by the corresponding space of sections with compact support, then the conclusion of Theorem 1.8 holds provided that
We remark that the Hausdorff assumption is automatically fulfilled if X is compact or holomorphically convex; if X is compact, then by the Cartan-Serre theorem the cohomology of coherent sheaves on X is finite dimensional, and if X is holomorphically convex, then by Prill's result, [38] , the cohomology of coherent sheaves on X are Hausdorff. Also, by the Andreotti-Grauert theorem,
The paper is organized as follows. In Section 2 we recall some background material that we will use. In Section 3 we show that the sheaf Ω p X is coherent and we introduce the notion of an n−p-structure form on X; this can be seen as a generalized Poincaré-Leray residue. In Section 4 we recall some properties of ω p X and show some other ones that we have not found in the literature. In Section 5 we construct intrinsic integral operators for the∂-equation on a pure n-dimensional analytic subset of a strictly pseudoconvex domain in C N ; in Section 5.1 we also give the residue criterion for strong holomorphicity and its geometric consequence Proposition 5.5. In Section 6 we define the sheaves A Acknowledgment: I would like to thank Professor Daniel Barlet for important comments on a preliminary version of this paper as well as for finding and letting us include the alternative proof of our Proposition 4.1 below.
Preliminaries
2.1. Meromorphic forms. Let X be a pure-dimensional analytic subset of some domain D ⊂ C N and let W be an analytic subset containing X sing but not any irreducible component of X. It is proved in [28] that the following conditions on a holomorphic p-form ϕ on X \ W are equivalent. 1) ϕ is locally the pullback to X \ W of a meromorphic p-form in a neighborhood of X. 2) For any desingularization π :X → X such that π −1 X reg ≃ X reg , π * ϕ has a meromorphic extensionX. 3) There is a current T in D such that i * ϕ = T ↾ D\W , where i : X ֒→ D is the inclusion. 4) For any h ∈ O(X) that vanishes on W , but not identically on any component of X, the current
exists and is independent of h.
The sheaf of germs of p-forms satisfying these conditions is called the sheaf of germs of meromorphic p-forms on X; we will denote it by M p X . One can check that if x ∈ X is an irreducible point then M 0 X,x is (isomorphic to) the field of fractions of O X,x . We mention again that we usually make no distinction between a meromorphic form ϕ and the associated principal value current (2.1).
Pseudomeromorphic currents.
Pseudomeromorphic currents were introduced in [10] ; the definition we need and will use is from [8] . In one complex variable z it is elementary to see that the principal value current 1/z m exists and can be defined, e.g., as the limit as ǫ → 0 in the sense of currents of χ(|h(z)| 2 /ǫ)/z m , where h is a holomorphic function (or tuple) vanishing at z = 0, or as the value at λ = 0 of the analytic continuation of the current-valued function λ → |h(z)| 2λ /z m . It follows that the residue current∂(1/z m ) can be computed as the limit of∂χ(|h(z)| 2 /ǫ)/z m or as the value at λ = 0 of λ →∂|h(z)| 2λ /z m . Since tensor products of currents are well-defined we can form the current
in C n , where m 1 , . . . , m r are positive integers, m r+1 , . . . , m n are nonnegative integers, and γ is a smooth compactly supported form. Notice that τ is anti-commuting in the residue factors∂(1/z m j j ) and commuting in the principal value factors 1/z m k k . We say that a current of the form (2.2) is an elementary pseudomeromorphic current. Let X be a pure-dimensional reduced complex space and let x ∈ X. We say that a germ of a current µ at x is pseudomeromorphic if it is a finite sum of pushforwards
, or an open inclusion, and τ is an elementary pseudomeromorphic current on U ℓ ⊂ C N . The union of all germs of pseudomeromorphic currents on X forms an open subset of the sheaf of germs of currents on X and thus defines a subsheaf PM X . Notice that since∂ maps an elementary pseudomeromorphic current to a sum of such currents it follows that∂ maps PM X to itself. The following result is fundamental and will be used repeatedly in this paper.
Dimension principle. Let X be a reduced pure-dimensional complex space, let µ ∈ PM(X), and assume that µ has support contained in a subvariety V ⊂ X. If µ has bidegree ( * , q) and codim X V > q, then µ = 0.
This result is from [10] , see also [8, Proposition 2.3] . In connection to the dimension principle we also mention that if µ ∈ PM(X), supp µ ⊂ V , and h is a holomorphic function vanishing on V , thenhµ = 0 and dh∧µ = 0. Hence, if a pseudomeromorphic current µ has support contained in variety V , then there is current τ on V such that µ = i * τ , where i is the inclusion of V , if and only if hµ = 0 and dh ∧ µ = 0 for all holomorphic functions h vanishing on V .
Another fundamental property of pseudomeromorphic currents is that they can be "restricted" to analytic (or constructible) subsets: Let µ ∈ PM(X), let V ⊂ X be an analytic subset, and set V c := X \ V . Then the restriction of µ to the open subset V c has a natural pseudomeromorphic extension 1 V c µ to X. It follows that 1 V µ := µ − 1 V c µ is a pseudomeromorphic current with support contained in V . In [10] 1 V c µ is defined as the value at 0 of the analytic continuation of the current-valued function λ → |h| 2λ µ, where h is any holomorphic tuple with zero set V ; 1 V c µ can also be defined as lim ǫ→0 χ(|h| 2 v/ǫ)µ, where v is any smooth strictly positive function, see [11, Lemma 3 .1], cf. also [32, Lemma 6] .
3 Taking restrictions is commutative, in fact, if V and W are any constructible subsets then 1 V 1 W µ = 1 V ∩W µ. Let us also notice that µ ∈ PM(X) has the SEP (on X) precisely means that 1 V µ = 0 for all germs of analytic subsets V ⊂ X of positive codimension. We will denote by W X the subsheaf of PM X of currents with the SEP on X. From [11, Section 3] it follows that if π : X ′ → X is either a modification, a simple projection, or an open inclusion, and µ ∈ W(X ′ ) then π * µ ∈ W(X).
Lemma 2.1. Let X be a reduced complex space and let Y ⊂ X be an analytic nowhere dense subset.
Proof. Let V ⊂ X be a germ of an analytic nowhere dense subset. Since µ ∈ W(X\Y ) we see that supp
For future reference we give the following simple lemma, part (i) of which is almost tautological.
Lemma 2.2. Let X be a germ of a reduced complex space and let µ ∈ W(X).
(i) We have that∂µ ∈ W(X) if and only if lim ǫ→0∂ χ(|h| 2 /ǫ) ∧ µ = 0 for all generically non-vanishing holomorphic tuples h on X.
(ii) Let Y ⊂ X be an analytic nowhere dense subset, let h be a holomorphic tuple such that Y = {h = 0}, and assume that∂µ ∈ W(X \ Y ). Then∂µ ∈ W(X) if and only if lim ǫ→0∂ χ(|h| 2 /ǫ) ∧ µ = 0.
Proof. Since µ ∈ W(X) we have that µ = lim ǫ→0 χ(|h| 2 /ǫ)µ for any generically non-vanishing h. It follows that
Now,∂µ ∈ W(X) if and only if the last term on the right hand side equals∂µ for all generically non-vanishing h and part (i) of the lemma follows. The "only if" part of (ii) also follows directly from (2.3). On the other hand, if lim ǫ→0∂ χ(|h| 2 /ǫ) ∧ µ = 0 then, by (2.3),∂µ = 1 X\Y∂ µ and so the "if" part of (ii) follows from Lemma 2.1.
Recall that a current on X is said to be semi-meromorphic if it a principal value current of the form α/f , where α is a smooth form and f is a holomorphic function or section of a complex line bundle such that f does not vanish identically on any component of X. Following [8] , see also [11] , we say that a current a on X is almost semi-meromorphic if there is a modification π : X ′ → X and a semi-meromorphic current α/f on X ′ such that a = π * (α/f ); if f takes values in L → X ′ we need also α to take values in L → X ′ if we want a to be scalar valued. If a is almost semimeromorphic on X then the smallest Zariski-closed set outside of which a is smooth has positive codimension and is denoted ZSS(a), the Zariski-singular support of a, see [11] .
For proofs of the statements in this paragraph we refer to [11, Section 3] , see also [8, Section 2] . Let a be an almost semi-meromorphic current on X and let µ ∈ PM(X). Then there is a unique pseudomeromorphic current T on X coinciding with a ∧ µ outside of ZSS(a) and such that 1 ZSS(a) T = 0. If h is a holomorphic tuple, or section of a Hermitian vector bundle, such that {h = 0} = ZSS(a), then T = lim ǫ→0 χ(|h| 2 /ǫ)a ∧ µ; henceforth we will write a ∧ µ in place of T . One defines ∂a ∧ µ so that Leibniz' rule holds, i.e.,∂a
any generically non-vanishing holomorphic section of a Hermitian vector bundle such that {h = 0} ⊃ ZSS(a). If µ is almost semi-meromorphic then a ∧ µ is almost semi-meromorphic and, in fact,
Let X be an analytic subset of pure codimension κ of some complex N -dimensional manifold D. The subsheaves of PM D of germs of∂-closed (k, κ)-currents, k = 0, . . . , N , with support on X are the sheaves of Coleff-Herrera currents with support on X and are denoted CH k X . Coleff-Herrera currents were originally introduced by Björk as the∂-closed currents µ on D of bidegree (N, κ) such thathµ = 0 for any holomorphic function h vanishing on X and with the SEP with respect to X, see, e.g., [15] . It is proved in [4] that the definitions are equivalent. The model example is the Coleff-Herrera product: Assume that f 1 , . . . , f κ ∈ O(D) defines a regular sequence. Then the iteratively defined product∂(1/f 1 ) ∧ · · · ∧∂(1/f κ ) is the Coleff-Herrera product originally introduced by Coleff and Herrera in [17] in a slightly different way; cf. also [16] .
Let us also notice that if X and Z are reduced pure-dimensional complex spaces and µ ∈ PM(X), then µ ⊗ 1 ∈ PM(X × Z), see, e.g., [8, Section 2]. We will usually omit "⊗1" and simply write, e.g., µ(ζ) to denote which coordinates µ depends on.
2.3.
Residue currents associated with generically exact complexes. Let E j , j = 0, . . . , M , be trivial vector bundles over an open subset of C N , let f j : E j → E j−1 be holomorphic mappings, and assume that
is a complex that is pointwise exact outside of an analytic subset V of positive codimension. The bundle E := ⊕ j E j gets a natural superstructure by setting E + := ⊕ j E 2j and E − := ⊕ j E 2j+1 . Following [9] we define currents U and R with values in
End(E) associated with (2.6) and a choice of Hermitian metrics on the E k . 4 Notice that End(E) gets an induced superstructure and so spaces of forms and currents with values in E or End(E) get superstructures as well. Let f := ⊕ j f j and set ∇ := f −∂, which then becomes an odd mapping on spaces of forms or currents with values in E such that ∇ 2 = 0; notice that ∇ induces an odd mapping ∇ End on End(E)-valued forms or currents such that ∇ 2 End = 0. Outside of V , let σ k : E k−1 → E k be the pointwise minimal inverse of f k , i.e., for each z / ∈ V ,
where Π denotes orthogonal projection. Set σ := σ 1 + σ 2 + · · · and let u :
where
We extend u as a current across V by setting
where F is a (non-trivial) holomorphic tuple vanishing on V , cf., [9, Section 2] and [2, Theorem 5.1]. As with u we will write
Remark 2.3. The procedure of taking pointwise minimal inverses produce almost semi-meromorphic currents, see, e.g., [11, Section 4] . Thus the σ j have almost semimeromorphic extensions across V and, letting σ j denote the extension as well, we have U k ℓ := σ ℓ∂ σ ℓ−1 · · ·∂σ k+1 , where the products are in the sense of Section 2.2 above. In particular, each U k ℓ is an almost semi-meromorphic current in (some domain in)
The current R is defined by
and hence R is supported on V and ∇ End R = 0. Notice that R is an almost semimeromorphic current plus∂ of such a current. One can check that
associated with (2.6) and set F = O(E 0 )/ Im f 1 . Let Z k be the set where f k does not have optimal rank; it is well-known that Z k is analytic. By the BuchsbaumEisenbud criterion the complex (2.6) is exact, and thus a free resolution of F , if and only if codim Z k ≥ k, k ≥ 1. In this case the Z k are invariants of F . Moreover, by [19, Corollary 20.14] , codim Z k ≥ k + 1 for k ≥ κ + 1 if and only if F has pure dimension, i.e., no stalk F x has embedded primes. By, e.g., [19, Corollary 20.12] , where κ is the codimension of F (i.e., the largest integer such that the zero sets of the associated primes of each stalk F x have codimension ≥ κ) and Z 1 is the zero set of the ideal sheaf Ann F . In particular notice that F x = 0 for x / ∈ Z 1 . It is straightforward to check that Z k is the set of points x ∈ C N such that the projective dimension of F x is ≥ k. From the Auslander-Buchsbaum formula it thus follows that S ℓ (F ↾ Z 1 ) = Z N −ℓ . We recall also that F is Cohen-Macaulay if and only if Z k = ∅ for k ≥ κ + 1, i.e., if and only if there is a resolution (2.6) of F with M = κ.
It is proved in [9] that if (2.6) is exact then R = ℓ≥κ R 0 ℓ and moreover, a section ϕ of O(E 0 ) is in Im f 1 if and only if (the E-valued) current Rϕ vanishes.
Example 2.4. The model example is the Koszul complex: Let f 1 , . . . , f κ ∈ O(D) (D a domain in C N ) be a regular sequence and let (2.6) with M = κ be the associated Koszul complex, which then is a resolution of O/ f 1 , . . . , f κ . With the trivial metric on the bundles E j the resulting R is R BM ∧ e κ ∧ e * 0 , where R BM the residue current of Bochner-Martinelli type introduced in [42] and e 0 and e κ are suitable frames for the line bundles E 0 and E κ respectively. It is shown in [42] , see also [4] , that R BM equals the Coleff-Herrera product in the present situation. By [9, Theorem 4.1], R is in fact independent of the choice of Hermitian metric and so the above procedure always produce the Coleff-Herrera product (times e κ ∧ e * 0 ) in the case of regular sequences.
3. Strongly holomorphic p-forms on X Let X = {f 1 = · · · =f r = 0} be a pure n-dimensional analytic subset of a neighborhood of 0 in C N and set κ := N − n; assume that 0 ∈ X. Let {ϕ j } and {ψ j } be finite sets of generators for Ω p and Ω p−1 respectively and letJ p X ⊂ Ω p be the coherent subsheaf generated over O by {f i ϕ j } and
has torsion and is not of pure dimension.
, and thus defines a non-zero Kähler differential, even though the pullback of ϕ to X reg vanishes. More generally, if X is a germ of an arbitrary reduced planar singular curve at 0 ∈ C 2 , then, as one can check, Ω 1 0 /J 1 X,0 always has embedded primes.
From a primary decomposition ofJ For simplicity we will for the rest of this section assume that X and J p X are defined in a neighborhood of the closure of the unit ball B of C N and we denote the inclusion X ֒→ B by i. Moreover, we let (2.6) be a resolution of i * Ω
Assume that X = {w 1 = · · · = w κ = 0}, where (z 1 , . . . , z n ; w 1 , . . . , w κ ) are local coordinates in an open subset U of C N . A basis for the (p, 0)-forms in U is given by the union of {dz I ∧ dw J }, where I and J range over increasing multiindices such that |I| + |J| = p. Let E ′ 0 and E ′′ 0 be the subbundles of Λ p,0 T * U generated by dz I , |I| = p, and dz J ∧ dw K , |J| < p, respectively. It is clear that J p X is generated by w i dz J , i = 1, . . . , κ, |J| = p and dz I ∧ dw J , |J| ≥ 1. To get a resolution of Ω p X we let, for each increasing multiindex J ⊂ {1, . . . , n} with |J| = p, E J
• , f J • be the Koszul complex corresponding to w 1 , . . . , w κ and we identify E J 0 with the line bundle generated by dz J ; notice that
is a resolution of Ω p X since (3.1) is exact (as a direct sum of exact complexes) and the cokernel of the map f ′ 1 ⊕ Id equals Ω p X . Since w 1 , . . . , w κ is a regular sequence it follows that, for any choice of Hermitian metrics on the E J i , the current R J associated with
where ε J is a frame for E J κ , (dz J ) * is the dual of dz I , and∂(1/w 1 ) ∧ · · · ∧∂(1/w κ ) is the Coleff-Herrera product, cf. Example 2.4. Choosing a metric that respects the direct sum structure we get that the current R associated with (3.1) equals
Notice that by the Poincare-Lelong formula
Moreover, if ϕ is a (p, n)-test form in U then we can also view ϕ as an E 0 -valued (0, n)-test form and we see that
where J c = {1, . . . , n} \ J.
The preceding example indicates that the (N, * )-current R ∧ dz is of the form i * µ for some (n − p, * )-current µ on i : X ֒→ B; here and in the rest of the paper, dz := dz 1 ∧ · · · ∧ dz N . At first sight this seems to contradict the discussion in Paragraph 2 of the introduction. To shed some light on this notice first that
where ϕ also denotes the natural map induced by ϕ, and the map ∧φ is defined by taking wedge product withφ. The diagram commutes, as can be checked, and therefore we can view R ∧ dz either as an (N, * )-current with values in Hom(E 0 , E) ≃ E ⊗ E * 0 or as an (N − p, * )-current with values in E; with the first viewpoint R ∧ dz acts naturally on E 0 ⊗ E * -valued (0, * )-test forms and with the second one it acts on E * -valued (p, * )-test forms and the result is the same. For future reference we also note that with the first point of view R ∧ dz can be naturally multiplied with smooth E 0 -valued (0, * )-forms yielding E-valued currents; with the second point of view R ∧ dz can be naturally multiplied with scalar-valued (p, * )-forms yielding the same E-valued currents. Unless explicitly said, we will use the second point of view (even though the notation might suggest otherwise). 
The current ω has the following additional structure.
over X. In general, there is aω 0 ∈ ω n−p (X, V ), where V is an auxiliary trivial vector bundle over B, and an almost semi-meromorphic Hom(V, E κ )-valued (0, 0)-current α 0 in B that is smooth outside of Z κ+1 such that ω 0 = α 0↾ Xω 0 as currents.
(ii) For k ≥ 1 there are almost semi-meromorphic (0, 1)-currents α k in B with values in Hom(E κ+k−1 , E κ+k ) that are smooth outside of Z κ+k and such that ω k = α k↾ X ω k−1 as currents.
This proposition is the analogue of [8, Proposition 3.3] and the proof is essentially the same. However, because of the fundamental importance of Proposition 3.4 for this paper we include the proof.
The form ω will be called an n − p-structure form.
Proof. It is well-known [23, p. 72 ] that one can choosef 1 , · · · ,f κ ∈ J 0 X ⊂ O that define a complete intersectionX = {f 1 = · · · =f κ = 0} such that X is a union of irreducible components ofX and df 1 ∧ · · · ∧ df κ is generically non-vanishing on each component of X. Let z = (z ′ ; z ′′ ) = (z ′ 1 , . . . , z ′ n ; z ′′ 1 , . . . , z ′′ κ ) be coordinates in C N and let w j :=f j (z), j = 1, . . . , κ; then (z ′ ; w 1 , . . . , w κ ) are local coordinates in a neighborhood of any point in the open set U where h := det(∂f i /∂z ′′ j ) κ i,j=1 is non-vanishing.
Let W be a hypersurface that intersects X properly and such that X\W ⊂ X∩U ⊂ X reg andJ p X,x = J p X,x for x ∈ X \ W ; let x ∈ X \ W . In a neighborhood of x the Koszul-type complex (3.1) is a minimal resolution of Ω p X and therefore the resolution (2.6) (restricted to a neighborhood of x) contains (3.1) as a direct summand. By [9, Theorem 4.4] we get that
where α is a smooth section of Hom(E 0 , E κ ) in a neighborhood of x. Since dz ′ ∧dw = hdz ′ ∧ dz ′′ = hdz is follows from the Poincaré-Lelong formula that
In view of the discussion preceding the proposition we may view ±(2πi) κ α ⊗ dz ′ /h as an E κ -valued (n − p, 0)-formα. Clearlyα is uniquely determined by R κ ∧ dz and so all localα glue together to a smooth E κ -valued (n − p, 0)-form ω 0 on X \ W and
If Ω p X is Cohen-Macaulay, then we can choose a resolution (2.6) with M = κ. Hence, R = R κ is∂ closed and thus ω 0 is holomorphic on X \ W . Since R κ ∧ dz is a current extension of ω 0 ∧ [X] from B \ W to B, it follows from [28, Theorem 1] that there is a meromorphic form in a neighborhood of X whose pullback to X \ W equals ω 0 . Then, since R κ ∧ dz in addition is∂-closed it follows from [28, Proposition 1] that ω 0 extends to a section, still denoted ω 0 , of ω n−p X over X. Since, by the dimension principle, R κ has the SEP with respect to X it follows that R κ ∧ dz = i * ω 0 in B.
In general, the sheaf Ker f * κ+1 : O(E * κ ) → O(E * κ+1 ) is at least coherent and so there is a trivial vector bundle V and a holomorphic morphism g :
) is exact. Notice that outside of Z κ+1 , f κ+1 has optimal rank and so f * κ+1 has as well. Then, since (3.3) is exact it follows that
In particular, gf κ+1 = 0 outside of X and so, in view of (2.5), we get
Thus by (3.2) gω 0 is holomorphic in X \ W and as above it follows from [28] that gω 0 extends to a V -valued sectionω 0 of ω n−p X over X. Moreover, from (3.4), the fact that (2.4) is exact in B \ X, and the definition of σ κ it follows that
Now for x ∈ B \ Z κ+1 we let α 0 (x) : V x → E κ,x be the minimal inverse of g(x); notice in particular that α 0 g = Id (Ker g) ⊥ in B \ X. It follows, cf. Remark 2.3, that α 0 has an almost semi-meromorphic extension, still denoted α 0 , across Z κ+1 . Recall that u 0 κ = σ κ∂ σ κ−1 · · ·∂σ 1 so that u 0 κ takes values in Hom(E 0 , Im σ κ ) where it is defined, i.e., in B \ X. In view of (2.5) and (3.5) we get (3.6) α 0 gR κ = R κ in B \ Z κ+1 since α 0 is smooth there; the dimension principle then shows that (3.6) holds in B. From (3.2) we then see that ω 0 = α 0 gω 0 = α 0ω0 in X \ W and so α 0ω0 is an extension of ω 0 to X of the desired form. But i * α 0ω0 and R κ ∧ dz both have the SEP with respect to X and so it follows from (3.2) that
From the proof of [9, Theorem 4.4], see also Remark 2.3, we know that, for k ≥ 1 there are Hom(E κ+k−1 , E κ+k )-valued almost semi-meromorphic (0, 1)-currents α k in B that are smooth outside of Z κ+k and such that (3.8)
in B \ Z κ+k . However, since codim Z κ+k ≥ κ + k + 1 for k ≥ 1 the dimension principle show that (3.8) holds in B. If we inductively define ω k := α k ω k−1 for k ≥ 1 it follows from (3.7) and (3.8) that R κ+k ∧ dz = i * α kωk−1 in B.
Since R ∧ dz = i * ω, where ω is almost semi-meromorphic on X, it follows that R has the SEP with respect to X. In particular, if ϕ is a holomorphic p-form in ambient space such that the pullback of ϕ to X reg vanishes, then the (E-valued) current Rϕ vanishes, i.e., ϕ is a section of J p X . Lemma 3.5. If ϕ is a smooth (n−p, q)-form on X then there is a smooth (0, q)-form φ on X with values in E * κ ↾ X such that ϕ = ω 0 ∧ φ. Proof. Consider a smooth extension of ϕ to B; it can be written in the form j ϕ ′ j ∧ϕ ′′ j where ϕ ′ j is a holomorphic n − p-form in B and ϕ ′′ j is a smooth (0, q)-form in B.
. By Proposition 4.1 below (with p and n − p interchanged) there is a section
Barlet-Henkin-Passare holomorphic p-forms
The sheaf ω p X was introduced by Barlet in [13] as the kernel of a natural map
, where j : X reg ֒→ X is the inclusion, and it is proved, [13, Proposition 4] , that the sections of ω p X can be identified with the holomorphic p-forms on X reg that have an extension to X as a∂-closed current without any mass concentrated on X sing . Moreover, it is shown that ω p X is coherent and so ω p X /Ω p X is a coherent sheaf supported on X sing . Hence, locally, for a suitable generically non-vanishing holomorphic function h, one has hω p X ⊂ Ω p X and it follows that ω p X indeed can be identified with the sheaf of germs of meromorphic p-forms on X that are∂-closed considered as principal value currents.
Let X be a pure n-dimensional analytic subset of a neighborhood of B ⊂ C N , set κ = N − n, and let (2.6) be a resolution of Ω n−p X = Ω n−p /J n−p X in B; notice that now O(E 0 ) = Ω n−p . Let R = R κ + · · · be the current associated with (2.6) (for some choice of Hermitian metrics), let i * ω = R ∧ dz, and recall that ω 0 is a (p, 0)-current on X with values in E κ↾ X ; cf., Proposition 3.4 and the paragraph preceding it. By dualizing and tensorizing by Ω N we get the complex
with associated cohomology sheaves
and it follows that the current i * ξ · ω 0 is∂-closed on X. Hence, i * ξ · ω 0 is a section of ω p X . If ξ = f * κ ξ ′ one checks in a similar way that i * ξ · ω 0 = 0 and we see that we have a mapping
Proposition 4.1. The mapping (4.1) is an isomorphism and it induces a natural isomorphism Ext X , CH N X ), which one easily checks is injective. In view of (4.1) we get a commutative diagram
where the diagonal map is the composition, i.e., the map given by 
and applying the functor Hom O (−, Ω N ) one obtains a long exact sequence of derived functors, i.e., of Ext -sheaves. Since codim X = κ these sheaves vanish until level κ and in particular one gets the exact sequence
Since Ω n−p is a free O-module and since Ext
Proposition 3], we will be done if we can show that the kernel of the map b above consists of those homomorphisms Ω n−p → i * ω n X which in fact are homomorphisms Ω
→ ω n X if and only if it vanishes on dJ 0 X ∧ Ω n−p−1 . To understand the map b one can for instance use that (C N,• ,∂), where C N,• is the sheaf of germs of (N, •)-currents in B, is a resolution of Ω N by stalk-wise injective sheaves. In fact, then
and the map b is induced by restricting homomorphisms defined on Ω n−p to the subsheaf dJ 0 X ∧ Ω n−p−1 . Notice that it follows from Proposition 4.1 that ω p X is coherent, which, as mentioned above, also is proved in [13] . That the vertical map in (4.3) is an isomorphism can be seen as a version of/complement to [13, Lemma 4] . In fact, in view of [6, Theorem 1.5], in our terminology that lemma says that ω p X , via i * , is isomorphic to the sheaf of germs of Coleff-Herrera currents µ in B of bidegree (κ + p, κ) such that J 0 X µ = 0 and dJ 0 X ∧ µ = 0, i.e., such that µ = i * τ for some (p, 0)-current τ on X; cf. the paragraph after the dimension principle in Section 2.2. On the other hand, that the vertical map in (4.3) is an isomorphism means that ω p X , via i * , is isomorphic to the sheaf of germs of Coleff-Herrera currents µ in B of bidegree (κ + p, κ) such that J n−p X ∧ µ = 0. That the vertical map in (4.3) is an isomorphism also implies that the map We summarize some results in Proposition 4.2. Let X be a reduced complex space of pure dimension n. We conclude this section by noticing that it follows from [13] that, on a normal complex space X, ω X as in [25] . In fact, if X is any puredimensional reduced complex space and A ⊂ X is an analytic subset, then, by [13, p. 195 
is the current of integration along the diagonal. Applying this current equation to test forms ψ(z) ∧ ϕ(ζ) it is straightforward to verify that for any compactly supported (p, q)-form ϕ in D one has the following Koppelman formula
In [1] Andersson introduced a very flexible method of producing solutions to (5.1). Let η = (η 1 , . . . , η N ) be a holomorphic tuple in D × D that defines the diagonal and let Λ η be the exterior algebra spanned by Λ 0,1 T * (D × D) and the (1, 0)-forms dη 1 , . . . , dη N . On forms with values in Λ η interior multiplication with 2πi η j ∂/∂η j , denoted δ η , is defined; put ∇ η = δ η −∂.
Let s be a smooth (1, 0)-form in Λ η such that |s| |η| and |η| 2 |δ η s| and
Identifying terms of top degree we see that∂B N,N −1 = [∆ D ] and we have found a solution to (5.1). For instance, if we take s = ∂|ζ − z| 2 and η = ζ − z, then the resulting B is sometimes called the full Bochner-Martinelli form and the term of top degree is the classical Bochner-Martinelli kernel.
A smooth section g(ζ, z)
and, identifying terms of bidegree (N, N − 1), we get that
in D ζ × D ′ z and hence another solution to (5.1). If D is pseudoconvex and K is a holomorphically convex compact subset, then one can find a weight g with respect to z in some neighborhood
We will also have use for weights with values in a certain type of vector bundle, cf. [22] and [3] . Let V → D be a vector bundle, let π ζ :
; it should satisfy the same properties but with the condition g 0,0
. LetX be an analytic subset of pure codimension κ of a neighborhood of D, where D now is assumed to be strictly pseudoconvex, and set X =X ∩ D. Let (2.6) be a free resolution of Ω p X in D and let U = U (ζ) and R = R(ζ) be the associated currents (for some choice of Hermitian metrics on the E k 's). Let E z k := π * z E k and similarly for E ζ k . One can find Hefer morphisms H ℓ k , which are Hom(E [3, Proposition 5.3] . Let F = F (ζ) be a holomorphic tuple such that X = {F = 0} and set χ ǫ := χ(|F | 2 /ǫ); we regularize U and R as in Section 2 so that U ǫ := χ ǫ u and
We write U ǫ k and R ǫ k for the parts of U ǫ and R ǫ that take values in Hom(E 0 , E k ) and we define
which one can check is a weight with values in Hom(E ζ 0 , E z 0 ). Letting g be any scalar-valued weight with respect to, say, z ∈ D ′ ⊂ D it follows that G ǫ ∧ g is a Hom(E ζ 0 , E z 0 )-valued weight and (5.2) holds with g replaced by
End be the corresponding endomorphism-valued operator. Then, recalling that ∇ z End R(z) = 0 and noticing that ∇ z
Notice that R(z)∧[∆ D ] and R(z)∧B are well-defined; they are simply tensor products of currents since z and ζ −z are independent variables on D×D.
where HR ǫ := k≥0 H 0 k R ǫ k . Let ι : X ≃ ∆ X ֒→ X × X be the diagonal embedding and let i : X × X ֒→ D × D be the inclusion. By Proposition 3.4 we have
where ω is the n − p-structure form corresponding to R. Consider now the term (HR ǫ ∧ g) N,N . Noticing that R ǫ contains no dη j we see that
To further reveal the structure ofp, let ε 1 , . . . , ε N be a frame for an auxiliary trivial vector bundle F → D × D, replace each occurrence of dη j in H and g by ε j , and denote the result byĤ andĝ. We get
; it is holomorphic in z (or ζ) if g is chosen so. For degree reasons it follows that
Since R(z) ∧ R is well-defined (as a tensor product) we may set ǫ = 0 in (5.8) and since R = R κ + R κ+1 + · · · we then sum only over k ≥ κ. In view of Proposition 3.4 it follows that
We here, and in the following, viewp k not as (0, N −k)-form with values in Hom(E ζ k , E z 0 ) but as a (p, N − k)-form with values in (E ζ k ) * ; cf. the paragraph preceding Proposition 3.4. Thus, p(ζ, z) is a scalar valued almost semi-meromorphic current on X × X ′ of bidegree (n, n) such that z → p(ζ, z) is, or rather, has a natural extension that is smooth in D (or holomorphic if z → g(ζ, z) is); notice that p(ζ, z) has degree p in dz j and degree n − p in dζ j .
We proceed in an analogous way with the current R(z) ∧ dz ∧ (HR ǫ ∧ g ∧ B) N,N −1 and we get, cf. (5.8), that
. From Section 2 we know that the limit as ǫ → 0 of (5.10) exists and yields a pseudomeromorphic current in D × D ′ . Moreover, precisely as in [8, Lemma 5 .2] one shows that
where B ǫ := χ(|η| 2 /ǫ)B, holds in the sense of current on (D \ X sing ) × (D ′ \ X sing ). In view of (5.10) and Proposition 3.4 we thus get
As withp j (ζ, z), we here and in the following viewk j (ζ, z) as a (p, N − j − 1)-form with values in (E ζ j ) * so that k(ζ, z) becomes a scalar valued almost semi-meromorphic (n, n − 1)-current on X × X ′ ; the degree in dz j being p and the degree in dζ j being n − p. Recall that B ℓ,ℓ−1 = s ∧ (∂s) ℓ−1 /(δ η s) ℓ and that |s| |η| and |η| 2 |δ η s|. SinceB ℓ,ℓ−1 , ℓ = 1, · · · , n are the only components ofB that enters in the expression for k(ζ, z) it follows that k(ζ, z) is integrable on X reg × X ′ reg . Hence, the limit on the right hand side of (5.11) is just the locally integrable form k(ζ, z) ∧ ω(ζ) on X reg × X ′ reg . From (5.4), (5.5), (5.9), and (5.11) we thus see that (5.13)
as currents on X reg ×X ′ reg , where ∇ here means the endomorphism-version of f (z) ↾ X −∂. Since R is ∇ End -closed it follows that ω(z) is ∇-closed and so the left hand side of (5.13) equals ω(z) ∧∂k(ζ, z). By Lemma 3.5 we have thus proved Lemma 5.2. Let ω be any n − p-structure form and let k j , j = 1, . . . , ν, be given by (5.12) for possibly different choices of H's, g's, B's, and n − p-structure forms ω's. Then (5.14)
is an almost semi-meromorphic current on X ν+1 and, if h = h(z j ) is a generically non-vanishing holomorphic tuple on X z j then∂χ(|h| 2 /ǫ) ∧ T → 0 as ǫ → 0.
Proof. In view of Section 2.2, T is almost semi-meromorphic since each factor is. For the second statement we proceed by induction over ν. If ν = 0 then T = ω. Since R is ∇ End -closed it follows that∂ω = f ↾ X ω, which has the SEP. From Lemma 2.2 we see that∂χ(|h| 2 /ǫ) ∧ ω → 0 as ǫ → 0. Now assume that ν ≥ 1 and assume that the lemma holds for ν ≤ ℓ − 1. Let T be given by (5.14) with ν = ℓ. If z k = z k−1 then k k is a smooth form times some n − p-structure formω(z k−1 ). It follows that T = T ′ ∧ T ′′ is the tensor product of two currents T ′ and T ′′ of the form (5.14) with ν < ℓ as long as z k = z k−1 . By the induction hypothesis∂χ(|h| 2 /ǫ) ∧ T → 0 where z k = z k−1 . Thus we see that the support of the pseudomeromorphic current lim ǫ→0∂ χ(|h| 2 /ǫ) ∧ T must be contained in {z 0 = · · · = z ν } ∩ {h = 0}, which has codimension ≥ nν + 1. Let T r be the term of T corresponding to the term ω r of ω. Then the pseudomeromorphic current lim ǫ→0∂ χ(|h| 2 /ǫ) ∧ T 0 has bidegree (nν + n − p, nν + 1 − ν) and thus must vanish by the dimension principle. By Proposition 3.4 (ii) there is an almost semi-meromorphic (0, 1)-current α 1 that is smooth outside of Z κ+1 and such that ω 1 = α 1 ω 0 . From what we have just showed it follows that the pseudomeromorphic (nν + n − p, nν + 2 − ν)-current lim ǫ→0∂ χ(|h| 2 /ǫ)∧T 1 has support in {z 0 = · · · = z ν }∩{h = 0}∩{z j ∈ Z κ+1 }, which has codimension ≥ nν + 2. Hence that current vanishes by the dimension principle. Continuing in this way the lemma follows.
5.1. The integral operators K and P on (p, * )-forms. In order to construct the integral operators K we choose the weight g in the definitions of p(ζ, z) and k(ζ, z) to be a weight with respect to z ∈ D ′ ⋐ D such that ζ → g(ζ, z) has compact support in D. Let ϕ be a pseudomeromorphic (p, q)-current on X. In view of Section 2.2, k(ζ, z) ∧ ϕ(ζ) and p(ζ, z) ∧ ϕ(ζ) are well-defined pseudomeromorphic currents in X ζ × X ′ z , where X ′ = X ∩ D ′ . Let π z : X ζ × X z → X z be the natural projection and set
has compact support in D it follows that K ϕ and Pϕ are welldefined pseudomeromorphic currents in X ′ . Notice that Pϕ has a natural smooth extension to D ′ since z → p(ζ, z) has; notice also that if ϕ has the SEP then K ϕ has the SEP in view of Section 2.2. Moreover, as in [8, Lemma 6 .1] one shows that if ϕ = 0 in a neighborhood of a point x ∈ X ′ , or if ϕ is smooth in a neighborhood of x and x ∈ X ′ reg , then K ϕ is smooth in a neighborhood of x. If ϕ is a pseudomeromorphic (p, q)-current with compact support in X, then one can choose any weight g in the definitions of k(ζ, z) and p(ζ, z) and define K ϕ and Pϕ by (5.15) ; the outcome has the same general properties.
The following proposition is proved in the same way as [8, Proposition 6.3] .
Proposition 5.3. Let ϕ ∈ W p,q (X), let ω be the n − p-structure form that enters in the definitions of k(ζ, z) and p(ζ, z), and assume that∂(ω ∧ ϕ) has the SEP. Let g be a weight with respect to z ∈ D ′ ⊂ D. If either g has compact support in D ζ or ϕ has compact support in X then
Notice that the condition that∂(ω ∧ ϕ) has the SEP implies that∂ϕ has the SEP. In fact, from Section 2.2 we know that ω ∧ ϕ has the SEP and so, in view of Lemma 2.2,∂(ω ∧ ϕ) has the SEP if and only if∂χ(|h| 2 /ǫ) ∧ ω ∧ ϕ → 0 for all generically non-vanishing h. In particular,∂χ(|h| 2 /ǫ) ∧ ω 0 ∧ ϕ → 0 and so, by Lemma 3.5,∂χ(|h| 2 /ǫ) ∧ ϕ → 0. By Lemma 2.2 again we conclude that∂ϕ has the SEP.
From Proposition 5.3 it is easy to prove the following residue criterion for a meromorphic p-form to be strongly holomorphic. Recall the operator ∇ = ⊕ j f j −∂. attached to (2.6).
Theorem 5.4. Let X be a pure n-dimensional analytic subset of some neighborhood of the closure of a strictly pseudoconvex domain D ∈ C N and let ω be an n − p-structure form on X ∩ D corresponding to a resolution (2.6) of Ω Proof. Notice first that if ϕ is strongly holomorphic then (5.16) holds since ∇ω = 0. For the converse, notice that ω ∧ ϕ has the SEP so that χ(|h| 2 /ǫ)ω ∧ ϕ → ω ∧ ϕ for all generically non-vanishing h. Hence, if (5.16) holds, we get
for all such h. From Lemma 2.2 it thus follows that∂(ω ∧ ϕ) has the SEP. From the paragraph after Proposition 5.3 it then follows that∂ϕ has the SEP and since ϕ is holomorphic generically we see that∂ϕ = 0. By Proposition 5.3 we get that ϕ = Pϕ on X reg ∩ D ′ . However, both ϕ and Pϕ have the SEP so this holds on X ∩ D ′ .
Theorem 5.4 gives the following geometric criterion for a meromorphic p-form to be strongly holomorphic.
Proposition 5.5. Let X be a pure n-dimensional reduced complex space and let ϕ be a meromorphic p-form on X with pole set P ϕ ⊂ X. Suppose that (i) codim X P ϕ ≥ 2, and that (ii) codim X S n−k (Ω p X )∩P ϕ ≥ k+2 for k ≥ 1. Then ϕ is strongly holomorphic. Proof. The statement is local so we may assume that X is an analytic subset of a neighborhood of B ⊂ C N . Let ω = ω 0 + · · · be an n − p-structure form on X ∩ B. By Theorem 5.4 we need to show that ∇(ω ∧ ϕ) = 0. Since ω and ϕ are almost semi-meromorphic we have ±ω ∧ ϕ = ϕ ∧ ω = lim ǫ→0 χ(|h| 2 /ǫ)ϕ ∧ ω, where h is a generically non-vanishing holomorphic function such that {h = 0} ⊃ P ϕ . Thus, since ∇ω = 0, we see that ∇(ω ∧ ϕ) = ± lim ǫ→0∂ χ(|h| 2 /ǫ) ∧ ϕ ∧ ω and so we need to show that
for ℓ = 0, 1, 2, . . .. For ℓ = 0 the left hand side of (5.17) is a pseudomeromorphic (n, 1)-current on X with support contained in P ϕ ; hence it vanishes by the dimension principle and assumption (i).
Recall from Section 2.3 the sets Z k associated with a resolution (2.6) of Ω p X and that S N −k (Ω p X ) = Z k . Assumption (ii) is thus equivalent to codim Z k ∩P ϕ ≥ k +2 for k ≥ N − n + 1. Now, assume that (5.17) holds for ℓ = m. Since, by Proposition 3.4 (ii), ω m+1 is a smooth form times ω m outside of Z m+1 it follows that for ℓ = m + 1 the left hand side of (5.17) is a pseudomeromorphic (n, m + 2)-current with support contained in Z m+1 ∩ P ϕ . Thus, (5.17) holds for ℓ = m + 1 by assumption (ii) and the dimension principle.
5.2.
The integral operatorsǨ andP on (n − p, * )-forms. A general integral operatorǨ is constructed by choosing the weight g in the definitions of k(ζ, z) and p(ζ, z) to be a weight with respect to ζ ∈ D ′ ⋐ D such that z → g(ζ, z) has compact support in D. Let ψ be a pseudomeromorphic (n − p, q)-current on X. In the same way as above k(ζ, z) ∧ ϕ(z) and p(ζ, z) ∧ ϕ(z) are well-defined pseudomeromorphic currents in X ′ ζ × X z and we seť
, which become pseudomeromorphic currents on X ′ . Notice thatPψ has the SEP if ψ has, and moreover, is of the form ℓ≥0 A ℓ (ζ) ∧ ω ℓ (ζ), where A ℓ is a smooth form with values in E * κ+ℓ ; if g is chosen so that ζ → g(ζ, z) is holomorphic then the A ℓ are holomorphic. The currentǨ ψ has the SEP if ψ has, and it has the form ℓ≥0 C ℓ (ζ) ∧ ω ℓ (ζ), where the C ℓ take values in E * κ+ℓ and are: i) smooth close to x ∈ X ′ if ψ = 0 close to x, and ii) smooth close to x ∈ X ′ reg if ψ is smooth close to x. As for K and P, if ψ happens to have compact support in X then any weight g may be used to defineǨ ψ andPψ. X over U if for every x ∈ U the germ ϕ x can be written as a finite sum of terms
where ξ 0 is a smooth (p, * )-form and the ξ j , j ≥ 1, are smooth (0, * )-forms such that ξ j has support where z → k j (ζ, z) is defined.
Proposition 6.1. The sheaf A p,q X has the following properties:
X and ω is any n − p-structure form, then∂(ω ∧ ϕ) has the SEP.
Proof. (i), (ii), and (iii) are immediate from the definition of A p,q X and the general properties of the K -operators in Section 5.1. To prove (iv) we may assume that ϕ is of the form (6.1). Then ω ∧ ϕ is a push-forward of T ∧ ξ, where T is of the form (5.14) and ξ is a smooth form on X ν+1 . Choosing h = h(z ν ) in Lemma 5.2 it follows that ∂χ(|h| 2 /ǫ) ∧ ω ∧ ϕ → 0 as ǫ → 0 and so, by Lemma 2.2,∂(ω ∧ ϕ) has the SEP.
Proof of Theorem 1.3. Let D ′′ ⋐ D be a strictly pseudoconvex neighborhood of D ′ and carry out the construction of k(ζ, z) and p(ζ, z) in Section 5 in D ′′ × D ′′ using a weight g(ζ, z) with respect to z ∈ D ′ such that z → g(ζ, z) is holomorphic in D ′ and ζ → g(ζ, z) has compact support in D ′′ . Notice that then Pϕ is holomorphic and that g, and hence also p(ζ, z), has bidegree ( * , 0) in the z-variables so that Pϕ = 0 if We conclude this subsection by showing that if condition (i) of Proposition 1.5 (or equivalently, condition (ii)) is satisfied and one a priori knows that X is locally a complete intersection, then X is smooth.
Assume that X = {f 1 = · · · = f κ = 0} ⊂ D ⊂ C N has codimension κ and that df 1 ∧ · · · ∧ df κ = 0 on X reg . Letω be a meromorphic n-form in D such that the polar set ofω intersects X properly and such that, outside of the polar set ofω, df 1 ∧ · · · ∧ df κ ∧ω = dz for some local coordinates z in D. Let ω be the pullback ofω to X. Then ω is a holomorphic n-form on X reg that is uniquely determined by dz and X; in fact, ω is the Poincaré-Leray residue of the meromorphic form dz/(f 1 · · · f κ ). If ω has a strongly holomorphic extension to X, then, since df 1 ∧ · · · ∧ df κ ∧ ω = dz, it follows that df 1 ∧ · · · ∧ df κ = 0 on X. Some a priori assumption is necessary since if X = {z 1 = z 4 = 0} ∪ {z 2 = z 3 = 0} ⊂ C 4 then one can check that any holomorphic 2-form on X reg extends across X sing to a section of Ω 2 X .
The sheaves
we follow [41, Definition 4.1] and we say that a (n − p, q)-current ψ on an open subset U ⊂ X is a section of B n−p,q X over U if for every x ∈ U the germ ψ x can be written as a finite sum of terms
where ω is an n − p-structure form and the ξ j are smooth (0, q)-forms with support where ζ → k j (ζ, z) is defined. Recall that ω is a (n − p, * )-current with values in a bundle ⊕ k E k ↾ X so we need ξ 0 to take values in ⊕ k E * k ↾ X to make ω∧ξ 0 scalar-valued. It is immediate from the definition and from the general properties of theǨ -operators that B , and that ⊕ q B n−p,q X is a module over ⊕ q E 0,q X . Let ψ be a smooth (n − p, q)-form and let ω be an n − p-structure form in a neighborhood of some point in X. Then, by Lemma 3.5, there is a smooth (0, q)-form ψ ′ (with values in the appropriate bundle) such that ψ = ω 0 ∧ψ ′ . Hence we see that E n−p,q X ⊂ B n−p,q X . Let us also notice that if ψ is in B n−p,q X then∂ψ has the SEP. In fact, we may assume that ψ is of the form (6.4) so that ψ = π * T ∧ ξ, where T is given by (5.14), ξ is a smooth form, and π is the natural projection X ν+1 → X z 0 . Letting h = h(z 0 ) be a generically non-vanishing holomorphic tuple on X, we have that∂χ(|h| 2 /ǫ)∧T ∧ξ → 0 by Lemma 5.2. Hence, by Lemma 2.2, we see that∂ψ has the SEP.
Proof of Theorem 1.7. We first interchange the roles of p and n−p in the formulation of Theorem 1.7. Let D ′′ ⋐ D be a strictly pseudoconvex neighborhood of D ′ and carry out the construction of k(ζ, z) and p(ζ, z) in Section 5 in D ′′ × D ′′ using a weight g(ζ, z) with respect to ζ ∈ D ′ such that ζ → g(ζ, z) is holomorphic in D ′ and z → g(ζ, z) has compact support in D ′′ . Let ψ ∈ B n−p,q (X). By Proposition 5.6 we have (6.5) ψ =∂Ǩ ψ +Ǩ (∂ψ) +Pψ as currents on X ′ reg . From what we noticed just before the proof all terms have the SEP and so (6.5) holds on X ′ . Notice thatPψ = A q (ζ) ∧ ω q (ζ), where A q is holomorphic. Since, if Ω p X is Cohen-Macaulay we may choose ω = ω 0 to be∂-closed it follows thatPψ ∈ ω n−p (X ′ ) is q = 0 andPψ = 0 if q ≥ 1.
Proof of Theorem 1.6. As in the proof above we interchange the roles of p and n − p in the formulation of Theorem 1.6. We have already noted that (i) and (ii) hold.
To show that∂ : B n−p,q X → B n−p,q+1 X let ψ be a section of B n−p,q X in a neighborhood of some x ∈ X; we may assume that ψ is of the form (6.4) and we use induction over ν. If ν = 0 then ψ = ω ∧ ξ 0 and it is enough to see that∂ω is a section of B n−p, * X
(with values in E ↾ X ); but since∂ω = f ω this is clear. The induction step is done in the same way as in the proof of Proposition 6.2.
To show that ω n−p,q X is coherent and that ω n−p X = ω n−p,0 X assume that X can be identified with an analytic subset of a strictly pseudoconvex domain D ⊂ C N . Recall that (2.6) is a resolution of Ω p X in D. Taking Hom into Ω N we get a complex isomorphic to (O(E * • ) ⊗ Ω N ,∂) with associated cohomology sheaves isomorphic to Ext
• (Ω p X , Ω N ), which are coherent; cf. Section 4. We define the map
the map ̺ • is a map of complexes and so induces a map on cohomology. In view of Proposition 4.1 the proof will be complete if we show that ̺ • is a quasi-isomorphism.
Since i * ω q = R κ+q ∧dz it follows from [6, Theorem 7.1] that the map on cohomology is injective. For the surjectivity, let ψ ∈ B n−p,q (X) be∂-closed and choose a weight g(ζ, z) in the kernels k(ζ) and p(ζ, z) with respect to ζ in some D ′ ⋐ D such that ζ → g(ζ, z) is holomorphic in D ′ and z → g(ζ, z) has compact support in D. As in the proof of Theorem 1.7 we get that ψ =∂Ǩ ψ +Pψ on X ′ reg := X reg ∩ D ′ and so the cohomology class of ψ is represented byPψ. From the definition of p(ζ, z) in Section 5 we see thatP ψ(ζ) = ±ω q (ζ) ∧ Xzp κ+q (ζ, z) ∧ ψ(z) and ζ →p κ+q (ζ, z) is a section of O(E * κ+q ) over D ′ by the choice of g. We finally show that (6.6) f * κ+q+1 Xzp κ+q (ζ, z) ∧ ψ(z) = 0.
First notice that it follows from (5.6) and (5.7) that, for each k,p k (ζ, z)
where A k and B k take values in Hom(E ζ k+1 , E z 1 ) and Hom(E ζ k+1 , E z 0 ) respectively; the second equality follows from the properties of the Hefer morphisms, the third by noting that 0 = δ η (H 0 k+1 ∧ g N −k ) = δ η H 0 k+1 ∧ g N −k ± H 0 k+1 ∧ δ η g N −k , the forth since g is a weight, the fifth since the Hefer morphisms are holomorphic, and the sixth by collecting all dη j . Hence, we get that f * k+1p k (ζ, z) = f 1 (z)A k +∂B k . Since f 1↾ X = 0 and by Stokes' theorem, (6.6) follows.
Serre duality
kp κ+k (ζ, z) ∧ ω k (ζ), where ζ →p κ+k (ζ, z) has compact support in D ′′ and z → p κ+k (ζ, z) is a section of Ω p X over X ′ := X ∩ D ′ . As in the proof of Theorem 1.7 we get ψ =∂Ǩ ψ +Pψ in X ′ . From the properties of p(ζ, z) we get thatPψ = 0 if q < n so (7.1) is exact except for on the level n. If q = n then the cohomology class of ψ is represented byPψ anď
with the product topology and the suggestive computation rules. Each element of C k (U , F ⊗ Ω p X ) thus has a unique representation of the form i 0 <···<i k ϕ i 0 ···i k U i 0 ∧ · · · ∧ U i k that we will abbreviate as ′ |I|=k+1 ϕ I U I . We define a coboundary operator δ : C k (U , F ⊗ Ω which is continuous, and we get the following complex of Fréchet spaces
The q th cohomology group of this complex is isomorphic to H q (X, F ⊗ Ω p X ) and in fact, the standard topology on H q (X, F ⊗ Ω p X ) is defined so that the isomorphism also is a homeomorphism.
Let B n−p be the precosheaf (see, e.g., [12, Section 3] ) defined by assigning to each open U ⊂ X the space B n−p (U ) := H n B n where the cohomology is C −i c (U , B n−p ). Since the B X -sheaves are fine it follows from, e.g., [41, Lemma 6.2] that, for each j ≥ 0, the "column" K •,j is exact except for on the level 0 where the cohomology is B n−p,j c (X, F * ). From, e.g., a spectral sequence argument it thus follows that Hence, we have a non-degenerate pairing (1.2) but we have not proved that it is given by (1.3). To do this one makes the isomorphisms H q (A p,• (X, F ),∂) ≃ H q (X, F ⊗ Ω 
